Pensieve Header: A sub-meta-group of the 8-meta-group?

<< Knot Theory"
GDIK_ ] 1= G ee (

PDIK] /. X[i_, j_, k_, |_] = If[PositiveQ[X[i, j, k. |11,

Arql, i, +11, ArLj, i, -1]
1
)

Loadi ng Knot Theory™ version of August 22, 2010,
Read nmore at http: //katl as. org/w ki /Knot Theory.

Draw[expr_] := expr /. gd_CD: Draw[gd];
Draw[gd_GD] : = Mdul e[
{n = Length[gd], h, k =0},
Graphics[{
Line[{{0, 0}, {2n+1, 0}}1,
Tabl e[Text [i, {i, -0.3}]1, {i, 2n}],
(Li st e@egd) /. {
Arli ., j_, s_1 = {
h=Abs[i -j1/2;
Bezi erCurve[{

13: 36: 57. 55.

{i, 0}, {i, h}y, {( +j)/2, h}y, {j, h}, {j, O}

}, SplineDegree -» 2],
Text [s * (++k), {(i +]j) /2, h-0.3}],

Line[{{j -0.2, 0.4}, {j, 0}, {j +0.2, 0.4}}]

}

}
1
K
Draw[CD[Knot [8, 171]]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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BSinplify = Factor;
Set Attributes[BCol |l ect, Listable];
BCol l ect [Blw_, w_11 := B[

BSimplify[w],

Col l ect [u, _h, Collect[#, _t, BSinmplify] &]

1
(» "L" for "Labels" %)
hL[B_] := Union[Cases[B, h[s_] = s, Infinity]];
tL[B_] := Union[Cases[B, t[s_]1|cs_ » s, Infinity]];
dL[B_]1 := Union[hL[B], tL[BII;
Set Attributes[pBForm Listable];
BForm[Blw_, wu_]1 := Mdulel

{tails, heads, nat},

tails = tL[B[w, u]]; heads = hL[B[w, u]];

mat = Quter [BSinplify[Coefficient [u, h[#l]t [#2]]] & heads, tails];

PrependTo[mat, t /@ tails];

mat = Prepend[Transpose[nmat], Prepend[h /@ heads, w]];

Mat ri xFor m[mat ]

1
RIX_, y_1 1= B[1l, (E"cx-1)/cx*t[X]Ih[yll;

Rinvix_, y_1 := B[1, (E"(-cx)-1)/cx*t[X]1h[y]l;
tmix_, y_, z_1[B_] :=B /. {t[x]>t[z], t[y]l->t[z], Cx>C; Cy->Cz};
hmix_, y_, z_1[Blw_, u_11 := Mdule]
{yx = D[p, h[x11, wy =D[u, hlyll, M=wu /. h[x] |h[y]l - 0},
Blw, M+h[z] (wX+wy+ (yx /. t[i_]1 = ci)vyy)l // BCollect
1
swap[x_, Y_1[Blw_, wu_1]1 := Module]
{a, B, ¥, 6, €},
= Coefficient [u, h[x]t[yll:
= Dlp, t[yll /. h[x] -» 0;
= D[y, h[x]] /. t[y] - O;
=u /. hix]1|t[y]l » 0;
= l+cCyaq
B[w*e, Plus[
a(l+(y /. t[i_]1 »ci)/e)hix1tyl,
B(l+(y /. t[i_1 =»ci)/e)tlyl,
¥/ €h[x],
5—Cy/ey*[3
1] 77 BCollect

M O X D® K

gm[x_, y_, z_1[B_1 := B // swap[y, x] // hm[x, y, z] // tm[x, y, z];
B /: Blwl , pl 1B[w2_, w2 ] := Blol*w2, ul+pu2];
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B = B[w[C1, C2, C3, C4], SUM[a [C1, C2, C3, Calt [i1h[1l], {i, 4}1],
B // tm[l, 2, 1],

tl=8//tmi1, 2, 1] // tm[1, 3, 11,

t2=8 // tm2, 3, 28] // tm[l, 28, 11,

tl==t2
} // BForm
w[C1, C2, C3, C4] h[l]
t[1] o1 [C1, C2, C3, C4]
{ t [2} o2 [Clx C2, Csz, 04} ’
t [3] ag[C1, C2, C3, C4]
t [4] 04[C1, C2, C3, Ca]
w[C1, C1, C3, C4] h(l]
t[1] o1[C1, C1, C3, C4] +02[C1, C1, C3, C4]
t [3] az[C1, €1, C3, C4] '
t [4] 04[C1, C1, C3, C4]
w[C1, C1, C1, C4] h[l]
t[1] o1[C1, C1, C1, C4] +a2[C1, C1, C1, C4] +03[C1, C1, C1, C4] |,
t [4] o4[C1, C1, C1, C4]
w[C1, C1, C1, C4] h[l]
t[1] a1 [C1, C1, C1, C4] +02[C1, C1, C1, C4q] +a3[C1, C1, C1, Cq] |, BForm[True]}
t [4] o4[C1, C1, C1, C4]

B = Blo, Sumfouoi, tLi TN 1, €0, 2} 4. 4}]],
g // hmil, 2, 11,

t1=p8// hmil, 2, 11 7/ hm[1, 3, 11,

t2=p// hmi2, 3, 281 7/ hm[l, 28, 17,
tl==t2
} 7/ BForm // Col umForm

w h[1] h[2] h[3] h[4]
t[1l] ou1 w2z oz oua
t[2] oap1 22 23 Q24
W h[l] h[(3] h[4]
t[1] o11 +o012+Cponycup +C2 012 021 013 Q14
t [2] o21+0Qp2+Cpo11 022 +C2 0021 022 023  O24
w h[l]
t[1] ou1 +oa2 +Cp o011 012 + 013 +C1 Q11 013 + C1 012 013 + C% Q11 012 A13 + €2 12 21 + C2 Q13 021 + €1 C2 (12 ¢
t [2] o1 + a2 +C1 011 022 +C2 021 022 + Q23 + C1 011 023 + C1 112 0123 + C% Q11 012 023 + C2 Q21 023 + €1 C2 12 ¢
w h[1l]
t[1] ou1 +oa2 +Cp o011 012 + 013 +C1 Q11 013 + C1 012 013 + C% 011 012 13 + €2 12 21 + C2 Q13 021 + €1 C2 (12 ¢
t [2] o1+ 022 +C1 011 022 +C2 021 022 + Q23 + C1 011 023 + C1 12 0123 + C% Qg1 012 023 + C2 Q21 023 + €1 C2 12 ¢

BFor m[True]
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d ear [B];
{Bl =B[w, h[1]t[1l]la+h[2]t[1]1B+h[1]t[2]¥+h[2]t [2] &],
Bl // swap[l, 1]

} // BForm
w(l+oacy) hi1] h[2]
w h[l} h[Z] tr1 a (l+aci+yCz) B (l+acCi+yC2)
{ltimr a5 |, [1] Teccs oo
t[2] Y o) t[2] Y 5-ByCi+adCy
l+ocy l+acy

B = Blw, Sum[awoi. t[i1h[i1, (i, 2}, i, 3}]]
B // hmil, 2, 11,
tl =8 // hmil, 2, 11 7/ swap[l, 1],
t2 = B // swap[l, 11 // swap[2, 1] // hm[1, 2, 1],
First [t1l] == First [t2],
Last [t1] == Last [t2] // Sinplify
} 77 BForm 7/ Col umForm

w h[l] h[2] h[3]
1] oan a2 a3
2] o1 a2 023
t[1] oqs +ou2 +Crogyou2 +C2 002 21 Qa3
t [2] o1 +o022 +Cp o1 022 +C2 021 G2 Q23

w (1+C10(11+Clo(12+C%O(110(12+C1C201120(21> h[l}
t [1] (1+C1 0n1+C2 0p1) (0a1+012+Cy 01211 012+C2 012 0z1) (1+C1 up+C2 022)
1+C1 011+C1 012+CF 011 Q12+C1 C2 012 021
t [2] 021+022+C1 01211 022+C2 021 022 Cioa
1+C1 11+C1 x12+CF 011 C12+C1 C2 Q12 021
w (1+cC1ou1+Cparz+CEour oup +C1Co 02 021) h[1l]
t [1] (1+C1on1+Cp ap1) (c1+012+C1 a1 o12+C2 a1 21) (1+C1 ag2+C2 a22)

1+C1 a11+C1 0(12+Cf 011 012+C1 C2 012 Q21

t [2] 021 +022+C1 Q11 022 +C2 Q21 22 —Cion

1+Cq 011+C1 012+C% aq1 a2 +C1 C2 012 021
BForm[True]
BFor m[True]
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B = Blw, Sum[awoi. t[i1h[i1, (i, 3}, i, 2}]]
tl =8 // tm[l, 2, 11 // swap[l, 1],
t2 = B // swap[l, 2] // swap[d, 11 // tm[l, 2, 11,
First [t1] == First [t2],
Last [t1] == Last [t2] // Sinplify
} 7/ BForm // Col utmForm

w h[1l] h[2]
t[1l] ou1 a2
t[2] o1 a2
t[3] o081 os2
w (1+C10{11 +C1 021) h[l] h[2}
t[1] (oa1+021) (1+4C1 11+C1 021+C3 A31) (ouz+a22) (1+C1 011+C1 021+C3 a31)
1+C1 a11+C1 021 1+C1 a11+C1 021
t [3] a31 —C1 012 031 -C1 022 031 +032+C1 Q11 032+C1 021 032
1+Cq1 a11+C1 021 1+C1 c11+C1 021
w (1l +C1011 +C1001) h[l] h[2]
t [1] (ca1+021) (1+C€1 011+C1 021 +C3 O31) (cap+022) (14€1 011+Cy 021+C3 a31)
1+C1 a11+C1 021 1+C1 a11+C1 021
t [3] 31 —C1 012 031 -C1 022 031 +032+C1 Q11 032+C1 Q21 32
1+Cq1 a11+C1 021 1+C1 a11+C1 021

BFor m[True]
BFor m[True]

{
B = B[w, Sum[a10i+j t1hfl, (i, 4y {, 4}]],
tl =8 // gml, 2, 11 7/ gm[l, 3, 11,
t2 =g // gm2, 3, 21 // gm[l, 2, 11,
First [t1] == First [t2],
Last [t1] == Last [t2] // Sinplify
} 7/ BForm 7/ Col utmForm

w h[(1] h[2] h[3] h[4]
t[1] ocun oz sz oua
t[2] oa21 o2 23 024
t[3] os1 a3z o33 O34
t[4] a1 a2 ouz  Oous
] (1 +C1 012 +C1 013 + C% Q12 13 + C1 Q23 + C% Q12 023 + C% 13 032 + C1 C4 013 0(42)

t[1] o1 +012+2 C1 011 012+C1 0Fp+CF oy
t [4]
2 2 2
w (1 +C1 012 + C1 013 + CT Q12 13 + C1 Q23 + CT 012 23 + C{ (13 (32 + C1 C4 13 0(42)
t[1] o1 +012+2 C1 011 012 +C1 0Fp+CF oy
t [4]

BFor m[True]
BFor m[True]
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(B=Times e@ GD[K] /. {Ar[x_, y_, +1] =» R[x, y], Ar[x_, y_, -11 » Rinv[x, y1}) //

BForm

1 hi[2] h[4] h[6] h[8] h[10] h[12] h[14] h[16]
t[1] 0 0 ’1;6” 0 0 0 0 0
t[3] 0 0 0o -== <;j*@°3> 0 0 0 0
t[5] 0 0 0 0 0o == :*e%) 0 0
t (7] 0 0 0 0 0 0 10— 0
t (9] 0 ol <;j*e°” 0 0 0 0 0 0
t [11] 0 0 0 0 0 0 0 ’10*5“
t [13] -% 0 0 0 0 0 0 0
t [15] 0 0 0 0 “Leehe 0 0 0

{Al exander [K = Knot [8, 17]1]1[X], Draw[GD[K]]}

1 4 8
{11——+————8X+4X2—X3,
X X X

B=Times e@ GD[K] /. {Ar[x_, y_, +1] =» R[X, y1, Ar[Xx_,Yy_, -11 » Rnv[x, y1};

Tabl e[
{(k, (B =B // gm[l, k, 1]) // BForm Collect [Last [B] /. t[i_] = ci, _h, Sinplify]},
{k, 2, 2Crossings[K]}

1 // Col umForm

1 hi1] h[4] h[6] h[8] h[10] h[12] h[14] h{
t[1] 0 0 efe (eeh) 0 0 0 0
1
t (3] 0 0 0 L 0 0
3
t[5] 0 0 0 0 0 -t
5
-1+e%7
{2’ t[7] 0 0 0 0 0 0 -
t[9] 0 ol <;:”*°9> 0 0 0 0 0
t [11] 0 0 0 0 0 0 o =
t [131 B e 13 (-1+ef13) 0 e 13 (-1+e1) (-1l+ef13) 0 0 0 0
C13 Ci3
t [15] 0 0 0 0 et 0 0




1
t [1} 0 0 e 13 (-1+e1) e €1 (-1+e%1) 0
C1 C1
t[5] 0 0 0 0 0
t[7] 0 0 0 0 0
t [9] 0 Senthen) 0 0 0
9
t[11] 0 0 0 0 0
t [13] e (~1+efn3) 0 e 13 (-1+ef1) (-l+ef13) 0 0
Ci13 Ci3
t [15] 0 0 0 0 L
15
1 h(1] h(6] h(8] h[10]
t [1} 0 e Co °130(1—l+e°1) e €1-Co é;1+e°1) 0
t [5] 0 0 0 0
t[7] 0 0 0 0
t [9} _ e % C13 (—1+e%) e C13 (~1+ef1) (-1+e) _ e 1% (-1+ef1) (-1l+e) 0
Co Co Co
t[11] 0 0 0 0
t[13] - e (-1+e13) e (-1+e1) (-1+e°1) 0 0
Ci13 C13
t [15] 0 0 0 '1;5“
1 hil] h[6] h[8] h[10]
t 1] 0 e’°9’°1sc(1—1+e°1) _efr% él—l+e°1) 0
t[7] 0 0 0 0
e %13 (~1+e%) e 13 (~1+e®1) (-1l+e®) e 1% (-1+e®1) (-1l+e)
t[9] - p o - o 0
t [11] 0 0 0 0
t [13] e €13 (-1l+ef13) e 13 (-1+ef1) (-1l+ef13) 0 0
Ci13 C13
t [15] 0 0 0 e
@Gl (1 4 eft 4 efotl13) h(1] h[8] h[10]
t [ 1 J ecl’cg;cm E;J:ECl) B eclac (71;..5:1) 0
(-1l+efr1+e%"C13) Ccq (-1+ef1+e%"c13) cq
t[7] 0 0 0
~1+eC @ €1*C13 (-1+ef1) (-1+e%)

t [11]
t [13]
t [15]

@ C9-Ci3 (_1 + e 4 eCQ+Cla>

t [1]

(-1l+ef1+e%*C13) Ccg (-1+ef1+ef9C13) cg

0 0

e% (-1+ef13)

(-1+ef1+e%9°C13) Cq3

e (-1+e1)? (-1+ef13)

(-1+e®1+e%*C13) C13
0 0
hil] h[8]

%1% %13 (-1+e%1) e®13 (-1+ef1)

(-1l+e1+e%*C13) cq (-1+ef1+ef9C13) Ccq

~1+e% e ©1"%3 (-1l+ef1) (-1+e%)

(-1+ef1+e%*C13) cg

0 0

(-1l+ef1+e®*C13) Ccg

e (-1l+ef13) e 1 (-1+e1)2 (~1+e13)

(-l+ef1+e®*C13) Cq3

0 0

(-1+ef1+e%*C13) 13

-1l+ef1s

Cis

h[10]

120213 Calculator.nb

0
0
0
0
0

h[12]
%13 (-1+ef1)

(-l+ef1+e®*C13) cg

0

e (-1+e1)2 (-1+e%)

(-1+€C1+4¢%9*C13) Cg

0

e 1'% (-1+ef1)2 (~1+efn3)

|7

h[12] h[14] hJ
0 0
_ €% (-1+e%) 0
Cs
~1+e®7
0 -
0 0
0 o
0 0
0 0
h[12] h[14] h[1l€
0 0 0
e % (-1l+es) 0 0
Cs
0 ~l+e%7 0
C7
0 0 0
0 0 ~1l+e
Ci1
0 0 0
0 0 0
h[12] h[14] h[1€
_ e (-1+ef) 0 0
C1
~1+ef7 0
C7

-1+e®

(-1+ef1+e%*%13) Cc13
0
h[12]

€%9*C13 (~1+ef1)

(-1+eC14¢%9*C13) ¢y

e 1 (-1+ef1)2 (~1+e%)

(-l+e1+e%*C13) cg

0

e 1% (-1+e®1)2 (-1+e13)

(~1+eC14€%°C13) Cyg

0
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{11,

@001 (_1 4+ eft + 013 — gf17C1 4 lotCus) h[l] h[10] h[12]
t [11 e 13 (-1+ef1) (-1+e13) 0 @ 17C*C13 (~1+ef1)
(1-ef1-ef13+ef17C13 %9 C13) Cy (1-e®1-ef13+ef17C13-e%9'C13) C
t [9} ~1l+e% 0 e (-1+e°1)2 (-1+e%) (-1l+e13’
(1-e®1-ef13+e®17C13 % *C13) Cg (1-ef1-ef13+e%17C13-%"C13) Cg
t[11] 0 0 0
t [13] B (-1+e®1-e%) (-1+e®13) 0 __e%1%% (-1.+e%)? (-1+e)
(1-ef1-ef13+e%17C13-%*C13) Cq3 (1-e1-ef13+e®17C13 % *C13) C13
~1+e%15
t [15] 0 % 0
15
e C1Cis (-1 4 eft 4 ef13) h{1] h[10] h[12]
tr1 e €1t (~1+ef1) (~1+ef13+et17Ci3) 0 €1 (-1+e°1) (-1+2 e“1-e? 1+e13-ef1 013 +e? 17013
(1] B (“1+eC14e%3) Cp N (-1+eC1+e%13) C1
t[11] 0 0 0
t [13] B -1+ef1z 0 (-1+e1)2 (-1+e‘n3)
(-1+ef1+e%13) C3 (-1l+e1+e13) Cc13
~1+e%15
t [15] 0 ﬁ 0
@ C17C1s (_] 4 et 4 e013) hi1] h(12]
tr1 @ ®17%13%C15 (-1+ef1) (-1l+ef13+ef17C13) e €1*¢s (-1l+e1) <7l+2 e°1762°1+e°137951‘513+62°1‘513)
[1] B (-1+eC1+€13) Cy B (-1+e®1+€%13) ¢
t[11] 0 0
t [13] ~1+e®13 (-1+e°1)2 (-1+e13)
(-1+e1+€f13) Cy3 (-1+ef1+e®13) Cy3
t 115 €1 (~1+eC1s) e (-1+ef1) (—1+2 e°17e2°1+e°137e°1-C13+e2°1'°13) (-1+e®
[ ] (~1+e1+e%13) Cys (-1+ef1+e13) Cy5
@ €101 (1 4 et + e%13) h[l] h[12]
t1 e €1C13+¢15 (~1+e%1) (-1+eC13+eC1°C13) e 1'% (~14e%1) (-14+2 e“1-e?1+e13-e%1"131e? 1013
[1] B (-1+e®1+e%3) Cy B (-1+e®14¢%13) Cg
t [13] ~1+e®13 (-1+e°1)2 (-1+e13)
(-1+ef1+€f13) Cy3 (-1+ef1+e®13) Cy3
t 115 €1 (~1+eC15) e 1 (-1l+e1) (—1+2 e°17e2°1+e°137e°1'°13+e2°1'°13) (-1+e°
[15] Corefire) o (Lrctsoem) o

_e2C1-Cu <e01 _ @2C1 _ gC1+C13 | gC1s _ 3 gC1+C15 | 3 @2C1+C15 _ @3 C1+C15 _ gC13+C15 | D @C1+C13+C15 _ D o2 C1+C13+

t[1]
t [13]
t [15]
—e 30 (@01 -2 @201 4+ @015 - 4 017015 4 5 @2 C17C1s _ 3 @3 01015 4 gf C1vCas)
t[1] paLs (<2
t [15] - m

_e3c (1 _3ef 14 e2C1 _ 4 @361 4 @4C1 _ gC15 4 4 gC1+C15 _ 7 @2C1+C15 | 7 @3C1+C15 _ 4 g4C1+C15 4 g5 cl+c15>

t[1]
t [15]
—e3c (1—4@01+8e2°1—11e3°1+8e4°1—4e5°1+e6°1> h{l] h[16]
tr1 e 1 (-1l+ef1) ~1+eC1 ’ (’1+eicl> h[l]
[1] - o o

—e?C (1-4er+8e?-11e3% 18?4650 484 ) 0}
t 1] ’




B
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Bl-e2% (1-4e*+8e?-11e%+8e*® -4 +e%), 0]

{Al exander [K = Knot [8, 171]1[X], Draw[GD[K]]}

1 4

8

{11——+——7—8X+4X2—X3,
X

B=Tinmes ee GD[K] /. {Ar[x_, y_, +11 = R[X, y1, Ar[x_, Vy_,

3 4 5 6 7 8 9 10 11 12 13 14 15 16

-1] » Rinv[x, y1};

i ndi ces = Range[2 Cr ossi ngs [K]];

Tabl e[

j = Random nteger [{1, k-1}1;
B =B // gmlindices[[j 1], indices[[j +1]], indices[[j11];
indi ces = Del ete[indices, j +117;
{indices, B// BForm Collect[Last [B] /. t[i_] = c;, _h, Sinplify]},
{k, 2 Crossings[K], 2, -1}
1 7/ Col umForm

{1, 2
{1, 2
{1, 3
{1, 3
{1, 3
({1, 3,
{1, 3
3
4
7
7
8,
9,

»

{1,
({1,
{11,
{11,
{1,
{11,

ComNoe oo~

5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16}, (-1+e3) h[2] + (-1+e %) h[4] + (-1 + e%)
, 8,9, 10, 11, 13, 15, 16}, (-l+e ) h[2] + (-1 +e ) h[4] + (-1 +e°) h[6
9, 10, 11, 13, 15, 16}, (-l+e3) h[1l] + (-1 +e ) h[4] « (-1 + e%) h[6] +
9, 10, 11, 15, 16}, (-1+eCu) h[1l] + (-1+e%) h[4] + (-1 +e%) h[6] + (-1
, 9, 10, 15, 16}, (-1l+e ) h[l]+ (-1+e®)h[4]+ (-1+e°t)h[6]+ (-1l+e"
, 10, 15, 16}, (-1+e ) h[1l]+ (-1+e ) h[4] + (-1 +e®) h[B] + (-1 +e %)

, 10, 15}, (-l+e ) h[l]+ (-1+e ) h[4] + (-1+e®) h[6] + (-1+e %) h[8]
8, 9, 10, 15}, (-1+e 1) h[1] + (-1 +e° %) h[4] + (-1 +e ) h[8] + (-1 + e CarCr+Cis)
9, 10, 15}, (-1+e°0) h[1] + (-1 +e°1) h[4] + (-1 +e 1) h[8] + (-1 + e 4:C7+01s) h|
10, 15}, (-1 +eftCCoy h[l] + (-1 +e ) h[8] + (-1 +eC1*C7%C15) h[10] + (-1 + e®10) h]
, 15}, (-1+e®2¢) h[1] + (-1+e ) h[8] + (-1+e*¢7*C15) h[9] + (-1 +e%) h[15]}

NNoo oo
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5}, (-1+e2%) h[l]+ (-1+e°)h[8] + (-1+e®s)h[9] + (-1+e%) h[15]}
153, ( 1+e?2%) h[l] + (-1+e®5) h[9] + (-1+e%) h[15]}

{{1, 15}, (-1+e?2c*®5) h[1] + (-1+e®) h[15]}

{{1}, 0}
B // BForm

—e 2 (1—4reCl +8e?€1-11e3% +8e%C1-4¢5% +e6°1) h[1]

t[1] 0



